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We prove a no-go theorem for storing quantum information in equilibrium systems. Namely,
quantum information annot be stored in a system with time-independent Hamiltonian interating
with heat bath of temperature T > 0 during time that grows with the number of used qubits. We
prove it by showing, that storing quantum information for marosopi time would imply existene
of perpetuum mobile of the seond kind. The general results are illustrated by the Kitaev model of
quantum memory. In ontrast, lassial information an be stored in equilibrium states for arbitrary
long times. We show how it is possible via phase-transition type phenomena.
Our result shows that there is a fundamental dierene between quantum and lassial information
in physial terms.
I. INTRODUCTION
Quantum omputing needs at least quantum memory.
Quantum memory is based on enoding of (say 1-qubit)
states into metastable states of a larger system. The
states are expeted to survive the interation with a heat
bath of the temperature T > 0. One requires that the
life-time of the memory grows with the number N of sub-
systems. One an onsider two methods: time-dependent
[1, 2, 3, 4℄, time independent "self-orreting" systems
(f. [5℄). The rst method is non-equilibrium one, where
energy is onstantly dissipated and moreover the life-time
τ satises N ∼ poly(log τ) whih means that the memory
is laimed to be exponentially stable. The results involve
a kind of phase transition (f. [3, 4℄), and are mainly for-
mulated within phenomenologial approah (see however
[6, 7, 8, 9℄). The seond method uses equilibrium states.
In this paper we onsider time-independent method
(time dependent ase will be onsidered in future). We
show that this method is not useful, i.e. quantum mem-
ory annot be stored in equilibrium states. Put it into
dierent way: one annot build a "quantum hard drive"
- devie that would store quantum information without
dissipation of energy onstant in time. Conversely, we
show how lassial information an be stored in equilib-
rium states (this happens for all sorts of memory devies)
by means of phase transition type phenomena.
To prove our no-go result use theorems from mathe-
matial physis onerning the notion of passivity (in-
ability of drawing work by external yli fores) and its
stronger version omplete passivity [10℄. We invoke the
highly nontrivial result, stating that set of ompletely
passive states onstitute simplex, so that no quantum
superpositions an be enoded into suh states. Thus
our argument does not rely on a partiular model. We
refer to The Seond Law, so that the result works in all
the situations in whih the law remains valid. This dif-
fers our results from the issues onerning deoherene of
Shroedinger at states (see e.g. [11, 12, 13℄).
Our results imply that in equilibrium one an store
quantum information only over mirosopi periods of
time. Note however, that these mirosopi time sale
may vary from system to system, depending on the type
of environment to whih the system ouples and the ou-
pling strength, and for some systems may be pretty long.
II. CLASSICAL MEMORY AND PHASE
TRANSITIONS
We will show on a simple model, how lassial infor-
mation an be eiently stored. We will use mean-eld
Curie-Weiss model of ferromagneti. Though unphysial,
it reets very well all the essential features that lead to
eient storage of lassial information. It is well known
that this model exhibits phase transition. We will show
now that the phase transition gives rise to exponentially
stable states. We onsider N spins interating by means
of Hamiltonian
H = −JNX2 (1)
where
X =
1
N
∑
j
σi (2)
where σj is Pauli matrix σz ating on j − th spin, and
summation is taken over all pairs of sites. Thus, due
to interation, the energetially favourable ongurations
are when spins point the same diretion. For a xed value
of the mean magnetization X , denoted by x, the energy
amounts to
E(x) = −JNx2. (3)
We see that there is energy barrier between the two on-
guration minimizing the energy.
However, not only the height of the barrier is relevant,
but also the number of mirostates for a xed marostate
ρx. Crossing of the barrier may be likely, if the number of
states on the top of it is large enough. The quantity that
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FIG. 1: Brownian partile in double potential well.
takes into aount both energy dierene and number
of states is a free energy. Let us onsider it in more
detail. Basi proesses indued by noise relevant for our
problem are ips of single spin. Single spin-ip auses ip
between neighbouring x's hanging x→ x± 1N . Thus the
whole proess is a random walk on x line. The transition
probabilities between marostates ρx are determined by
transition probabilities between mirostates. To avoid
ombinatorial issues, we adopt the heuristi rule
p(x→ x′)
p(x′ → x)
≃ e−(E(x
′)−E(x))/kBT
N (x′)
N (x)
(4)
where N (x) = exp[Nh(x+12 )] denotes number of mi-
rostates, h(x) = −x lnx − (1 − x) ln(1 − x). Sine the
free energy is given just by F (x, T ) = E(x)−TS(x) with
S(x) = NkBh(x) we obtain
p(x→ x′)
p(x′ → x)
≃ e−(F (x
′,T )−F (x,T ))/kBT
(5)
The terms E and TS in free energy have here lear in-
terpretation: the rst one gives rise to the Boltzmann
fator, while the seond one reports the ontribution of
number of states to transition probability. Thus it is now
lear that it is the shape of free energy rather than en-
ergy itself, that will determine stability. To see it more
in detail, we onsider x as ontinuous variable. In suh
limit, the problem is equivalent to Brownian motion in
the potential V given by free energy (see [14℄).
We an thus apply Kramers formula for mean exit time
from a potential well (see g. 1)
t(a→ b) ≃
2πkbT
D
|V ′′(a)V (′′(b)|−
1
2 e(V (b)−V (a))/kBT
(6)
where D is diusion onstant [14℄. Thus, in our ase
we obtain, that probability of ip is exponential in the
dierene of free energy between xeq and x = 0 (the top
of energy barrier). Thus we have to examine the shape
of free energy, expliitly given by
F (x, T ) = N(−kTh(
x+ 1
2
)− Jx2) (7)
The funtion has two minima for T < Tc and one min-
imum for T > Tc (where Tc is ritial temperature).
When the entropi terms dominates, the density of -
nal states is so large, that the Boltzmann fator annot
prevent from ip between the two states, and we have
single minimum. There is only one stable state, with
x = 0 (note that this is the state of the largest energy).
If the energy part dominates, then the probability of
ipping is exponentially suppressed, and we have two
minima divided by barrier proportional to N . Thus we
have two stable phases, and aording to (6) probability
of ipping between them is exponentially dereasing with
N .
The presented above mehanism is quite univer-
sal. Classial information an be eiently stored in
metastable states orresponding to loal minima of the
free energy separated by barriers whih grow with the
size of the system (e.g. large moleules, mesosopi sys-
tems). For example the struture of protein moleules is
determined by analysing free-energy landsape [15, 16℄.
III. EQUILIBRIUM STATES AND PASSIVITY
A spatially onned quantum system weakly interat-
ing with a heat bath at the temperature T tends to the
unique equilibrium state represented by the Gibbs den-
sity matrix
ρβ =
e−βH
Tre−βH
(8)
where H is a Hamiltonian of the system and β = 1/kT
is the inverse temperature. This behavior illustrates the
Zeroth Law of Thermodynamis and an be rigorously
proved for simple but generi models of reservoirs both
in the weak oupling limit [17℄ and for nite, but small
enough oupling onstant [18℄. The only essential as-
sumption is a kind of irreduibility of the oupling be-
tween the system and the bath whih eliminates the ap-
pearane of onserved observables impairing equilibra-
tion proess. This ondition an be seen as the absene
of deoherene free subspaes and subsystems in the -
nite system.
We are interested in the relaxation proesses in the
ase of a system omposed of many subsystems (say N
qubits). For noninterating subsystems and loal ou-
pling to the bath we observe individual and independent
relaxation proesses whih implies the thermalization
time independent of the number N of subsystem. On the
other hand, for strongly interating subsystems olletive
phenomena an produe metastable states with life-times
growing with N . We observed suh phenomenon for las-
sial systems in the Setion II and disussed their appli-
ations to lassial information storage.
In priniple, similar metastable states whih beome
stationary, and resistant to loal perturbations for N →
∞ might be used to store quantum information as well.
3Therefore, it is ruial to analyse mathematial struture
of suh quantum states. They should satisfy the restri-
tions imposed by The Seond Law of Thermodynamis.
Let us reall Kelvin formulation of the law:
It is impossible to onstrut an engine whih, operating
in a yle will produe no other eet than the extration
of heat from a reservoir and the performane of an equiv-
alent amount of work.
This an be rephrased in terms of passivity. We say
that a state ρ is passive (with respet to the dynam-
is Ut), when it is impossible to extrat the energy from
the system at a given state by means of a yli proess
(Seond Law of Thermodynamis). A state is n-passive,
if the state ρ⊗n with respet to produt evolution U⊗nt is
still passive. Finally, a state is alled ompletely passive
(CP), if it is n-passive for all n. Thus if a state is not
CP, then one an extrat energy from a nite amount of
opies.
Let us now reall how passivity and omplete passivity
is desribed within quantum mehanis [10℄. The yli
proess is represented by time dependent perturbation
h(t) satisfying h(0) = h(τ) = 0. Consider rst a nite
system desribed by the Hamiltonian H with the eigen-
vetors |j, µ〉 and the possibly degenerated eigenvalues ǫj
H |j, µ〉 = ǫj |j, µ〉 , µ ∈ Ij . (9)
The energy hange due to a time dependent perturbation
h(t) is given by ∆E = Tr(ρ(UτHU
−1
τ −H)) where Uτ =
T exp
∫ τ
0 dt(H + h(t)). A state ρ is passive if ∆E ≥ 0 for
all h. One easily shows that ρ is passive if and only if
(i) [H, ρ] = 0 and hene for every passive ρ one
an hoose |j, µ〉 in suh a way that ρ =∑
j,µ λ(j, µ)|j, µ〉〈j, µ|,
(ii) (ǫj − ǫk)(λ(j, µ) − λ(k, ν)) ≤ 0.
Thus the state is passive if and only if it ommutes with
the Hamiltonian, and there is no inversion of population,
in the sense, that for any two energy levels, the upper
level is not more populated than the lower one. This still
leaves freedom on degeneraies of Hamiltonian. Follow-
ing [10℄ it is not hard to nd that if a state is not Gibbs
one, then for some n the state ρ⊗n will get inversion of
population with respet to sum of single system Hamil-
tonians
∑
iHi. Therefore, for nite systems ompletely
passive states are Gibbs states, hene at the given tem-
perature we have only a single ompletely passive state.
For the innite systems the situation is less trivial, we
an have many CP states (e.g. dierent thermodynami-
al phases) whih are the limits of metastable states (with
inreasing life-times) of the orresponding sequene of -
nite systems. Nevertheless, the struture of CP states is
determined by the following theorem [28℄ valid for any
system desribed by a C∗ algebra of observables A and
a group of automorphisms (Hamiltonian dynamis) Ut.
Theorem 1 For arbitrary system (A,Ut) the set of CP
states onstitutes a simplex.
This means that any CP state an be uniquely deom-
posed into extremal states of the set of all CP states.
IV. NO-GO THEOREM FOR STABLE
QUANTUM MEMORY
Suppose, that we want to onstrut stable quantum
memory by means of a quantum system onsisting of N
subsystems with a speially designed Hamiltonian. We
assume that the system interats with a heat bath of the
temperature T > 0.
Suppose, now that by inreasing N we an arbitrarily
inrease the life-time of quantum memory. In partiu-
lar, we an make the time muh longer than any miro-
sopi time sale, so that the violations of the Seond
Law due to utuations will be suppressed. Consider the
set of states that an survive for marosopi time. We
all them metastable states. They have to be ompletely
passive, as otherwise we ould build perpetuum mobile
of the seond kind. Indeed, as explained in the previous
setion, if a system is in a non-CP state, then n systems
onstitute a system in a nonpassive state, for some nite
n. Putting now k of suh n-tuples into heat bath, we
obtain a system in equilibrium, from whih one an draw
work proportional to k [29℄.
Thus employing the Seond Law, we obtain that the
only states that an be used to store information for ar-
bitrarily long time are CP states [30℄. All other states
must deay within mirosopi time sales.
However, aording to Theorem 1, CP states form a
simplex, hene the set of metastable states possesses a
fully lassial representation. They an be treated as
probability measures on a ertain onguration spae.
Therefore CP states annot be used for the faithful rep-
resentation of the quantum states. It follows for example
from the fat, that quantum bits annot be faithfully
onveyed by lassial hannel (see e.g. [19, 20℄). As a
onsequene only lassial information an be preserved
over marosopi time sales.
V. EXAMPLE: KITAEV'S MODEL
In the following we would like to disuss the model
introdued by Kitaev [5℄ whih is supposed to be a good
andidate for a self-orreting quantum memory.
Kitaev onsidered k × k square lattie torus. On eah
edge there is a qubit (so that there are n = 2k2 qubits).
For eah vertex s and fae p one denes operators
As =
∑
j∈star(s)
σxj , Bp =
∑
j∈boundary(s)
σzj , (10)
where "star" denotes edges that touh vertex s and
"boundary" denotes edges that surround fae p. The
4Hamiltonian is given by
H = −
∑
s
As −
∑
p
Bp (11)
The operators As and Bp are dihotomi, and they all
mutually ommute. We an form basis onsisting of
eigenvetors of those operators. One nds, that for any
basis vetor, it has eigenvalue 1 for even number of op-
erators As and also for even number of operators Bp.
Thus the energy levels are given by the number of pairs
of operators As and Bp to whih there is eigenvalue
1. This an be interpreted as number of pairs of par-
tiles. For eah level, there are many possible ongura-
tions of pairs. However for every onguration there is
4-dimensional degeneray due to topology of the torus.
Thus we an imagine the total system as tensor produt
of 4-dimensional spae and the spae determined by on-
gurations of pairs of partiles. The partiles are (non-
interating) anyons: they exhibit non-standard statis-
tis, whih manifests by induing phase, when one anyon
winds around the seond one. It is the 2-qubit subsystem
is the one that is expeted to be noiseless, when the size
of torus beomes large [21℄.
In this setion we will onsider the system from two
points of view. First, we will treat it as innite system,
and disuss in the ontext of our general result. Sub-
sequently, we shall onsider nite system, and analyse
interation with a heat bath. This will independently
prove that in nite temperature, quantum information
annot be stored.
A. Innite system piture
Let us see how Kitaev's model ts into our theorem.
To this end we will onsider the limiting ase of innite
system. The innite system of spins is dened in terms of
quasiloal algebra, spanned by observables that are tensor
produts of only nite amount of single site observables
suh as . . .⊗ I⊗ I⊗A1⊗ . . .⊗Ak⊗ I⊗ I⊗ . . . and losed
in operator norm topology [22℄. Now, one an show that
the limits of all ground (vauum) states in the Kitaev
model produe the same expetation values for all loal
and hene also quasiloal observables. This ould be ex-
peted, as good odewords should be indistinguishable by
loal measurements. Therefore the innite Kitaev system
possesses a single ground state and therefore there is no
phase transition in this model and even a bit of lassial
information annot be stored [31℄.
The physial meaning of this result is the following.
The highly nonloal observables whih desribe the en-
oded two qubits beome, with inreasing size of the sys-
tem, more and more vulnerable to external perturbations
and hene less and less aessible to meaningful measure-
ments. We will see in the next setion, that indeed the
noise will wash out all the quantum information in time
that for sure does not inrease with the size of the system.
B. Finite system interating with heat bath
Let us then onsider the Kitaev system oupled to a
heat bath via loal operators, for example σix and σ
j
z . We
will work in Markovian approximation (weak oupling
limit).
The basi proesses that an our is i) reation of
pair of neighboring anyons, ii) annihilation of suh pair,
and ii) move of an anyon. For example, when we hit a
partiular qubit with σx, then, if the qubit belong to pair
of anyons of type B, then the pair will be annihilated. If
there were no anyons at this plae, a pair will be reated.
If there was one anyon, it will be moved. The amplitude
of the basi proesses is determined by spetral density
of the noise, always however we have pc = e
−∆E/kBT pa,
where ∆E is the energy needed to reate a pair, pc and
pa are probabilities of reation, and annihilation of a pair
of anyons respetively. In this way in equilibrium state
there is a onstant density of anyons.
One of the deoherene mehanisms is a random walk
of the reated anyon pairs whih will be performed un-
til the anyons meet. It is learly seen, that suh pro-
esses will equilibrate the system of anyoni ongura-
tions. What about the topologial qubits where the
quantum information is to be stored? Consider suh a
proess: an anyon pair is reated, one of them winds
around torus, making a nonontratible loop, and they
nally annihilate. Suh a proess performs a gate on
one of the qubits (there are two kinds of nonontratible
loops, and this gives gates on dierent qubits) [5℄. Thus
suh proess orresponds to error, and if it is not sup-
pressed, we annot store quantum information on topo-
logial qubits.
We will now argue that quantum memory will be
spoiled at least with the probability independent of the
size of the system (number of qubits), so that enlarging
a system will not bring any improvement.
Let us onentrate for a while on a single pair that has
been reated. Without loss of generality, we an imagine,
that one anyon is resting, while the other one is perform-
ing random walk.
It is known that in a random walk on plane, the parti-
le omes bak to the origin innitely many times. In our
ase, we do not have usual random walk, beause oming
bak to the origin means annihilating the pair, and the
walk is ended. If the path was short, then the proess
does not aet quantum memory. Thus we want to es-
timate the probability that a long path our. Sine the
proess is Markovian (i.e. memoryless) and the average
number of anyons is onstant, we an imagine, that the
walk of the just annihilated pair is ontinued by a new
pair that has been just reated (see Fig. 2) In this way
we have redued the problem to the usual random walk.
It is well known, that probability of getting away from
a disk of the radius L is proportional to 1/L2 and prob-
ability of a single step p. This follows e.g. from the
fat that random walk is a disrete version of diusion
of Brownian partile. On the other hand, the number
5FIG. 2: Random walk of anyons: the walk of one pair of
anyons (white ones) after annihilation is ontinued by another
pair of newly reated anyons (blak ones).
of pairs is again proportional to L2 (the proportionality
onstant depending on temperature). Thus the overall
probability plong of making a path with a length of the
order of a size of the system is proportional to p, and
does not depend on the size itself [32℄.
plong ∝
p
L2
× L2 (12)
This reasoning an be performed both for σx and σz
noise operators. And existene of long paths will imply
that both kind of nontrivial paths will be performed with
onstant probability. Thus both topologial qubits will
be subjeted to random X and Z gates, whih means
that their state will tend exponentially to the maximally
mixed state. Therefore not only the quantum informa-
tion, but also the lassial one will be washed out. Hene
also we will not have phase transition as predited for
innite system with a quasi-loal algebra. Thus we have
shown, that Kitaev's system annot provide us the means
of storing quantum information, in aordane with our
general theorem.
In onlusion, our result reveals a new, fundamental
feature of quantum information: the latter annot be
stored in equilibrium systems. For pratial matter, it
implies, that it is impossible to onstrut quantum mem-
ories that do not require ative protetion of information
and are stable for longer than mirosopi time sales.
On more fundamental level, our result shows for the rst
time that there is basi dierene between quantum and
lassial information not only on logial level (as implied
e.g. by the no-loning theorem [23, 24, 25℄) but also on
physial level.
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